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ABSTRACT A general dynamic description of protein synthesis was employed to quantify different sources of gene expression
noise in cellular systems. To test our approach, we use time-resolved expression data of individual human cells and, from this
information, predict the stationary cell-to-cell variation in protein levels in a clonal population. For three of the four human genes
investigated, the cellular variations in expression level are not due to ﬂuctuations in promoter activity or transcript copy number, but
are almost exclusively a consequence of long-term variations of gene regulatory factors or the global cellular state. Moreover, we
show that a dynamic description ismuchmore reliable to discriminate extrinsic and intrinsic sources of noise than it is on grounds of
cell-cycle averaged descriptions. The excellent agreement between the theoretical predictions and the experimentally measured
noise strengths shows that a quantitative description of gene expression noise is indeed possible on the basis of idealized
stochastic processes.
INTRODUCTION
Individual cells within a genetically identical population
show signiﬁcant phenotypic heterogeneity (1,2). One of the
main driving forces for cell-to-cell variability in clonal pop-
ulations is stochasticity or noise inherent to gene expression.
Numerous experiments have measured the variance in pro-
tein abundances in different cellular systems (1,3–12) and
showed that cellular variations of protein levels can be cor-
related over generations (13,14). Possible molecular origins
contributing to stochasticity in protein synthesis can be seen
in concentration ﬂuctuations of factors involved in tran-
scription, uncovering transcription factor binding sites by
chromatin remodeling, polymerase binding, random bursts of
mRNA and protein synthesis, ﬂuctuations in ribosome con-
centration, uncovering ribosome binding sites by mRNA
unfolding, and more (1,2). Which of these known processes
are dominating seems to be gene-, organism-, and environ-
ment-dependent (5).
As protein levels are in general under selection within a
given concentration range, any signiﬁcant long-lived devia-
tion from the optimal level would result in a reduction of
ﬁtness. Despite the large amount of data quantifying cell-
cycle averaged intercellular variability, the speciﬁcmolecular
origins of gene expression noise are still unclear. Therefore,
signiﬁcant effort is now undertaken to generate single-cell
time-resolved expression data (13). However, only a small
amount of work has been done to extract information from
nonequilibrium protein synthesis trajectories, because most
previous theoretical approaches lack dynamic description or
enforce a priori (quasi-) stationarity (15–20).
It is commonly agreed to deﬁne all gene-speciﬁc stochastic
events of protein synthesis as intrinsic noise. Differences be-
tween cells, either in the global cellular state or in the con-
centration or activity of any factor that affects gene expression,
is referred to as extrinsic noise (3,21). Thus, in a large clonal
population of cells with ﬁxed generation time, TG, the cell-to-
cell variation in the amount of a speciﬁc protein is character-
ized by two main contributions to the total variance, s2tot ¼
s2I1s
2
E: Here, the intrinsic noise contribution, s
2
I ; is speciﬁc
to each gene in its genomic context in a ﬁxed intracellular
environment. The extrinsic noise contribution, s2E; is usually
separated into ﬂuctuations of upstream factors that drive ex-
pression directly, like a given activator concentration and the
global cellular state that inﬂuences gene expression, e.g., via
ribosome, polymerase, and protease concentrations.
THEORY
Three major steps are involved in a generic model of gene expression in
living cells (19): 1), promoter activation; 2), transcription; and 3), translation.
The underlying stochastic processes of these steps are connected in series and
hence allow for assignment of the individual noise contributions to the in-
trinsic noise of protein synthesis corresponding to processes 1–3:
s
2
I ¼
D
X  ÆXæI½ 2
E
I
¼ s2A1s2R1s2X: (1)
Here, the subscript, I ¼ fX, R, Ag, denotes the average over all possible
trajectories including protein copy number X(t); mRNA copy number R(t);
and promoter activation A(t) (for derivation, see Data S1in Supplementary
Material). In Eq. 1, the translational contribution is given by s2X ¼ ÆðX 
ÆXæXÞ2æX;R;A; where the average, ÆXæX ¼ +N0 XPðX; tjRðtÞÞ; is conditionally
dependent on the trajectory of mRNA synthesis, R(t), that in turn depends
on A(t). Here, P(X, tjR(t)), is the probability density to observe the protein
copy number X at time t given R(t). Equivalently, the other intrinsic noise
contributions read as s2R ¼ ÆðÆXæX  ÆXæX;RÞ2æR;A and s2A ¼ ÆðÆXæX;R 
ÆXæX;R;AÞ2æA: The summing up of partial noise contributions is only possible
if no signiﬁcant feedback exists of the expressed protein, X(t), on gene
regulation or any interference of intrinsic noise with extrinsic factors (22).
Otherwise, a stochastic dependence of R(t) on X(t) could exist, making the
additive form of Eq. 1 invalid.
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In the following, we denote by Æ.æE the average over all extrinsic factors
that inﬂuence synthesis rates. In our approach we follow along the lines of
previous approaches (19) and model synthesis and degradation by a birth-
and-death process and exponential decay, respectively. Promoter activation
is described as a random telegraph process. For the cellular systems con-
sidered in this work, the amount of protein synthesized per mRNA can be
estimated to be ;103 (5), with protein copy numbers per cell of ;103106
(13). Therefore, the normalized noise contribution due to stochastic inde-
pendent translation events, s2X=ÆXæ
2
I ¼ 1=ÆXæI; is expected to be small
compared to other sources of noise. Note that standard deviation divided by
the mean provides a physiologically relevant measure of gene expression
noise as this value quantiﬁes relative ﬂuctuations independent of the ex-
pression level. The time evolution equation for the probability, P(n, t), to
observe n 2 fX, Rg molecules in a given cell at time t is governed by the
equation
@tPðn; tÞ ¼ l1 ðtÞPðn 1; tÞ1 ðn1 1ÞlPðn1 1; tÞ
 ðnl1 l1 ðtÞÞPðn; tÞ (2)
with rate l1ðtÞ ¼ l1XRðtÞ; if n is the amount of proteins or l1ðtÞ ¼ l1RAðtÞ;
if n reﬂects the amount of mRNA. The corresponding degradation rate, l 2
flR ;lXg; is assumed to be independent of molecule number and constant in
time. The trajectory A(t) switches randomly between zero and one with
exponentially distributed waiting times. Transcription at time t is only
possible if the promoter is in the on-state,A(t)¼ 1. Experiments show that the
main effect of cell division seems to be binomial partitioning of molecules
(10,14) that changes the time evolution equation of the conditional proba-
bility of Eq. 2, P(n, tjn9, t9), to
Pðn; tjn9; t9Þ ¼ +
N
n

0 ¼0
+
n

0
n
1
0 ¼0
Pðn; tjn10 ; t0Þ
3
n0
n
1
0
 
q
n
1
0
0 ð1 q0Þn

0 n10 Pðn0 ; t0jn9; t9Þ;
(3)
where n0 and n
1
0 represent the amount of molecules before and after the last
cell division occurring at time t0. The ratio of volumes between the daughter
cell and its mother cell of the cell linage under investigation is denoted by
q0. The explicit solution for the generating function Gðs; tjn9; t9Þ ¼
+N
n¼0s
nPðn; tjn9; t9Þ for Eq. 3 is given by
Gðs; tjn9; t9Þ¼ ðs1Þedðt;t9Þlðtt9Þ11
h in9
3 exp ðs1Þ
Z t
t9
l
1ðt$Þedðt;t$Þlðtt$Þdt$
 
; (4)
with dðt; t9Þ ¼ +N
n¼0Qðtn  t9ÞlnðqnÞ (23). Here, Q(t) is the Heaviside
step function, q–n the volume fraction, and t–n the time n cell-divisions-ago in
the cell lineage. In the following, we assume equally dividing cells (qi¼ 1/2),
with concerted cell divisions across the population and constant generation
time, TG. These mathematical simpliﬁcations are fulﬁlled for the experi-
mental data used in this work, because generation times are indeed similar
(standard error over mean  0.1) and all relevant parameters are extracted
from one cell cycle only. The process of promoter activation does not seem to
have any signiﬁcant correlations with the cell cycle (7). Therefore, we can
employ a stationary solution for the autocorrelation function ÆAðtÞ;Aðt9Þæ ¼
varðAÞegA jtt9j with varðAÞ ¼ l1AlA=g2A; ÆAæ ¼ l1A=gA; and gA ¼
l1A1l

A : The switching rate between the gene states off/on and on/off
are denoted by l1A and l

A ; respectively.
Intrinsic noise
Explicit expressions for the different intrinsic noise contributions of Eq. 1
can be obtained from analytical solutions of Eqs. 2–4 (for derivation, see
Data S1). In the following, we give asymptotic expressions for a single gene,
valid for any time twithin a given cell cycle, 0# t – t0# TG. Multiple copies
of M identical genes in different loci of the DNA would result in the simple
transformation s2I/s
2
I=M due to stochastic independence (4); therefore,
they are not considered explicitly in this work.
If we consider the most physiological case in protein synthesis involving
short mRNA lifetimes, lR  T1G ; and long protein lifetimes, lX  T1G ;
we obtain for t  t0  ðlR Þ1 the asymptotic expressions for the average
protein and mRNA numbers in the system
ÆXæI ¼ V ðt  t0Þ1 TG½ ; (5)
ÆRæI ¼ V=l1X : (6)
Here, we denote the average rate of protein synthesis by V ¼ ÆAæl1R l1X=lR :
Note that Eq. 5 implies a linear increase in the mean amount of proteins in
time as well as a doubling of protein copy number over one cell cycle. The
noise contribution arising from transcription and promoter activation reads in
the limit of fast mRNA degradation and high promoter switching frequency,
lR ; gA  ðt  t0Þ1.T1G ;
s
2
R ¼ 2V
l
1
X
l

R
t  t01 1
3
TG
 
; (7)
s
2
A ¼ 2varðVAÞ
1
gA
ðt  t0Þ1 1
3
TG
 
; (8)
with varðVAÞ ¼ V2varðAÞ=ÆAæ2 the variance of the synthesis rate due to
ﬂuctuations in A(t). In this limit the cellular memory of gene expression
contributes at minimum one-third to the cell-to-cell variation. In the extreme
case gA  T1G ; the contributions from previous generations sum up to
threefold the noise generated within one cell cycle
s
2
A ¼ varðVAÞ ðt  t0Þ21 2TGðt  t0Þ1 T2G
 
: (9)
Here, the ﬁrst term reﬂects noise in protein copy number from stochastic
promoter activation events that occur entirely in the actual generation. The
second term includes correlations of promoter states between past genera-
tions and the actual generation. The last term describes the accumulated noise
contribution of promoter activation events that have occurred entirely in
previous generations.
For the case that protein lifetimes and mRNA lifetimes are signiﬁcantly
shorter than the generation time, memory over generations is eliminated and
the stationary protein level is recovered immediately after cell division.
Consequently, the solutions are time-independent and agree with those found
earlier by Paulsson (18,19) for the mean protein level ÆXæI ¼ V=lX ; mean
mRNA level ÆRæI ¼ V=l1X and the scaled variances
s
2
R
ÆXæ2I
¼ 1
ÆRæI
l

X
l

R 1 l

X
s
2
A
ÆXæ2I
¼ varðAÞ
ÆAæ2
l

R
gA1 l

R
l

X
l

R 1 l

X
11
l

R
gA1 l

X
 
: (10)
Extrinsic noise
Fluctuations in the cellular environment can contribute substantially to gene
expression noise. In the following, we concentrate on the most predominant
case in cellular systems involving short mRNA lifetimes, lR  T1G ; and
long protein lifetimes, lX  T1G : The global cellular state and the factors
involved in gene regulation are also expected to be subject to stochastic
ﬂuctuations that change in turn the protein production rate, V ¼ VE(t). A
generic approach to describe the time evolution of VE(t) is given by the
Ornstein-Uhlenbeck process as proposed by Sigal et al. (13)
@tVEðtÞ ¼ gE VEðtÞ  ÆVEæE½ 1D1=2jðtÞ; (11)
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where g1E represents the effective relaxation time of the extrinsic factors,D a
diffusion constant in velocity space, and j(t) d-correlated white noise. The
average Æ.æE corresponds in this simpliﬁed approach to averaging over the
stochastic variable j(t). The stationary autocorrelation function is given by
ÆVEðtÞ;VEðt9ÞæE ¼ varðVEÞexp½gEjt  t9j;with varðVEÞ ¼ D=ð2gEÞ: The
actual protein concentration can be inferred from
XðtÞ ¼
Z t
t0
VEðt9Þdt91 +
N
n¼1
1
2
 nZ t0 ðn1ÞTG
t

0 nTG
VEðt9Þdt9; (12)
where t0 denotes a time point right before the last cell division. Using the
expression for the stationary autocorrelation function of Eq. 11, the extrinsic
noise contributions to cell-to-cell variability canbederived fromEq.12 (check
Data S1 for details). With the deﬁnitions I1ðt  t0Þ ¼ 2 varðVEÞg1E ½t  t0 
g1E ð1 exp½gEðt  t0ÞÞ; I2ðt  t0Þ ¼ varðVEÞg2E ð1 exp½gEðt 
t0ÞÞ ZE; and ZE ¼ (1 – exp[–gETG])(1 – 21 exp[–gETG])1, the variance of
X(t) reads as
s
2
E ¼ I1ðt  t0Þ1 I2ðt  t0Þ1
I1ðTGÞ1 I2ðTGÞ
3
: (13)
Note that the autocorrelation function for promoter activation A(t) has the
same functional form as for the Ornstein-Uhlenbeck process. Therefore, the
contributions from promoter activation to gene expression noise,sA, result in
equivalent expressions as given for extrinsic noise, Eq. 13, but with var(VA)
substituted for var(VE) and gA for gE. Therefore, the limit gE  T1G for s2E
results in the equivalent expression as found for s2A in the limit gA  T1G
(see Eq. 9).
RESULTS
In the following, we concentrate on the single cell mea-
surements for human H1299 lung carcinoma cells as reported
by Sigal et al. (13). These are fast proliferating cells with
generation time of ;18 h. A typical time course for the ex-
pression of a human gene (TOP1) is depicted in Fig. 1. The
apparent correlation in shape of the two daughter trajectories
is observed frequently and could be a signature of the un-
derlying gene regulatory network that changes mean ex-
pression at different time points within the cell cycle. The
increase of the mean protein level at the end of the cell cycle,
however, is due to a readily performed DNA replication
in a not-yet-divided cell. A crucial test for our analytical
framework is to derive the stationary cell-to-cell variation in
protein abundance from the average divergence of the tra-
jectories between any two daughter cells, jX1(t) – X2(t)j. For
our analysis we use expression data of four human genes
(HMGA2, SET, TOP1, USP7) for which a sufﬁcient amount
of daughter-cell trajectories has been measured (13). The
functions of the proteins range from transcriptional regula-
tion (HMGA2), chromatin remodeling (SET), control and
alteration of the topologic states of DNA during transcription
(TOP1), to de-ubiquitination (USP7) (13). From the linear
increase of ÆXæI,E (Fig. 2 A), we expect that these genes are
described to good approximation by the asymptotic limit of
Eqs. 5 and 6,
ÆXæI;EðtÞ  ÆVæI;E t  t01 TG½ : (14)
From Eq. 14 follows that after averaging over trajectories, the
mean amount of protein available after cell division equals
the amount of protein synthesized on average over one cell
cycle, ÆXæI,E(t01 TG)¼ 2ÆXæI,E(t0). This ﬁnding is conﬁrmed
by the experimental data shown in Fig. 2 A, which veriﬁes
stationarity of the trajectories as the expression value at the
end of the cell cycle being precisely the double of the starting
FIGURE 1 Instructive picture of the normalized protein abundance tra-
jectories within one cell cycle for the mother cell and its two daughter cells,
X1(t) and X2(t), of the human gene TOP1 taken from Sigal et al. (13). The
difference in expression levels of the two daughter cells is indicated by the
arrows.
FIGURE 2 Dynamics of protein synthesis over one cell cycle for four different human genes, HMGA2 (circles), SET (squares), TOP1 (triangles), and USP7
(diamonds). Least mean-square ﬁts to data are indicated by dark solid line for HMGA2, dark dashed line for SET, shaded dashed line for TOP1, and shaded line
for USP7. (A) Normalized average cellular protein abundances. (B) Mean-squared distance of daughter cell pairs. (C) Coefﬁcient of variation from the
asymptotic analysis, CV ¼ sE/ÆXæI,E in comparison with the experimentally observed cell-to-cell variation, CV ¼ sexp/ÆXæexp, taken from Sigal et al. (13).
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value. Linear regression gives an estimate for the correspond-
ing values of ÆVæE for the different genes, which in our case are
similar because of data normalization (Fig. 2 A, Table 1). As
the average distance of daughter cell trajectories (see Fig. 2 B)
do not show signature of strong contributions from short-time
stochastic variations of mRNA synthesis and decay—which
would be reﬂected by a linear increase (see Eq. 7)—we expect
that themain contributions to cell-to-cell variability arise either
from promoter activation (with gA  T1G ) or from extrinsic
noise sources or combinations of both. Using Eq. 12, the
explicit expression for half themean-squared distance between
the expression levels of two daughter cells, s212ðtÞ ¼
1=2Æ X1ðtÞ  X2ðtÞð Þ2æI;E (see Fig. 2 B), is given in the
asymptotic limit lR  T1G and lX  T1G by
s
2
12ðtÞ ¼ 2 varðVÞ
3
t  t0
g
 1 e
gðtt0Þ
g
2 
1
2g
2ð1 egðtt0ÞÞ2
" #
: (15)
Note that the two daughter cells have undergone the same
cellular history and we therefore receive no noise contribu-
tion from previous generations. This is reﬂected by the
absence of the generation time, TG. We also assumed that
noise is dominated by a single process with relaxation rate g.
For the case of long-term extrinsic correlation, g/ 0, Eq. 15
simpliﬁes to s212ðtÞ ¼ ð2=3ÞvarðVÞgðt  t0Þ3;whereas short-
lived ﬂuctuations result in s212 ¼ 2varðVÞg1ðt  t0Þ (see
Eq. 8). The unknown parameters var(V) and g can be
determined in time units of TG from a least mean-square ﬁt
of Eq. 15 to the experimentally found time course for s212ðtÞ
(Fig. 2 B) and are listed in Table 1. The average distance of
the daughter cell trajectories increases faster than ðt  t0Þ2 for
three genes, as estimated from a parabola ﬁt to the data (not
shown). This indicates a very slow relaxation of the factors
that drive synthesis rates, meaning that correlations in
expression level can span several cell cycles (13). Moreover,
contributions from fast ﬂuctuating processes—that should be
apparent by a linear increase (see Eqs. 7 and 8)—seem to be
negligibly small for the genes HMGA2, TOP1, and SET. In
contrast to latter proteins, USP7 seem to be less susceptible to
slowly varying factors for an unknown reason.
A comparison of calculated gene expression noise, as
given by the coefﬁcient of variation CV ¼ sE/ÆXæI,E, with sE
from Eq. 13, gives excellent agreement with the measured
variance of cell-to-cell variability of Sigal et al. (13) (Fig.
2 C). To discriminate between intrinsic and extrinsic origins
of gene expression noise, we simulated the trajectories of
protein abundance numerically, using the estimated values
for var(V) and g from Table 1 and compared them with the
experimentally measured trajectories of the SET gene. The
results, assuming all noise to be extrinsic (Fig. 3 B), are in
good agreement with experimental time courses (Fig. 3 A).
Assuming noise to be exclusively a consequence of ﬂuctua-
tions in promoter activation shows dead-times in protein
synthesis that are not observed in experiments (Fig. 3 C). The
trajectories of the genes TOP1 and HMGA2 (not shown)
show almost identical dynamic behavior to the trajectory for
the SET gene, indicating that, also for these two genes, ex-
trinsic noise contributes strongly.
Although the simulated trajectories differ signiﬁcantly for
intrinsic and extrinsic noise sources for the SET gene (see
Fig. 3, B and C), we ﬁnd almost identical stationary cell-to-
cell distributions (Fig. 4). The reason is that the process de-
scribing promoter activation and the process for extrinsic
factors (Eq. 11) share an exponentially decaying autocorre-
lation function. The two parameters determining variance
and relaxation time of the autocorrelation function are taken
from Table 1 and are thus equal for both processes. Thus, to
leading order, effect of bursts and dead-times in mRNA
synthesis cannot be distinguished from the continuously
varying synthesis rates arising from extrinsic factors after
TABLE 1 Parameters estimated from a least mean-square ﬁt
to normalized daughter cell trajectories
Gene Cell pairs ÆVEæ var(VE) g
HMGA2 16 0.634 0.06 2.18
SET 37 0.687 0.053 1.59
TOP1 69 0.663 0.062 1.75
USP7 22 0.697 0.061 12.19
FIGURE 3 Relative amount of synthesized SET proteins using a random sample of eight data sets. (A) Experimental data of Sigal et al. (13). (B) Trajectories
using exclusively extrinsic noise contributions calculated from Eq. 11 with constants gE and var(VE) from Table 1. (C). Trajectories using exclusively intrinsic
noise from promoter activation with gA and var(VA) taking the same values as gE and var(VE) in panel B.
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averaging over trajectories. This shows that experiments on
cell-cycle averaged distributions of protein levels are not
suitable for a clear discrimination of extrinsic and intrinsic
noise contributions such that time-resolved expression data
seems to be indispensable. Furthermore, a much deeper in-
sight into the origins of cell-to-cell variations can be gained
from a time-dependent theoretical description of gene ex-
pression than from a stationary description alone.
DISCUSSION
For three of the investigated four human genes, we ﬁnd that,
essentially, all intercellular variation in expression levels
exists because of extrinsic factors that vary either the com-
ponents involved in the regulation of the reporter gene or the
kinetic rates associated with its expression. The fact that these
extrinsic factors change on timescales of the generation time
results in a signiﬁcant cell-to-cell variation with standard
deviation of ;20% of the mean level. Using Eq. 13, the
contribution to cell-to-cell variations in protein levels can be
separated into stochastic events that occur entirely in the
actual generation, CV2a ¼ I1ðt  t0Þ=ÆXæI;E; stochastic corre-
lations across the last cell division, CV2c ¼ I2ðt  t0Þ=ÆXæI;E;
and stochastic events that have occurred before the last cell
division, CV2p ¼ ½I1ðTGÞ1I2ðTGÞ=ð3ÆXæI;EÞ: The corre-
sponding time-averaged partial contributions to the total cell-
to-cell variation, ÆCV2æt, are listed in Table 2.
Here, we also applied Eq. 13 to the gene USP7, to illustrate
that the ÆCV2æt of genes with short-time stochastic ﬂuctua-
tions do receive signiﬁcant contributions from previous
generations. However, correlations decline quickly in this
case, leading to a small contribution of CV2c :We have shown
in this article that trajectories of protein synthesis in single
cells contain necessary information for the discrimination of
intrinsic and extrinsic noise contributions that could not be
otherwise deduced by cell-cycle averaged distributions of
protein levels. However, this time-resolved information is by
no means sufﬁcient. To gain deeper insight into the under-
lying mechanisms contributing to intrinsic noise, additional
information on mRNA synthesis events and mRNA lifetimes
is required that, it is hoped, will be available in the future.
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